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Chapter 1

Circuits made of R, LL and C

1.1 (L4+(R/C)) circuit

1.1.1 Circuit
Fig. 1.1.

— =

Figure 1.1: Circuit (L+(R/C)).

1.1.2 Impedance

Z(w):Liw—FM%
Re200) = gy 2 = (L~ o)
1.1.3 Reduced impedance
Z*(u):%:iTu—l—14_11”7 u=RCuw, T:%

« 1 . 1
Reduced characteristic angular frequency u, = 1 with:

Re Z(uc) =1/2, Im Z(ue) =T —1/2

T<1=:

(1.1)
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® Ulm Z=0 = \/§7 Re Z(UIm Z=O) =T.

e reduced angular frequency at the apex :

1 \/—2T+\/8T+1—1
Uy = —=
NG T

with:
1
Re Z(u,) = (\/ST T1+ 1)
I Z(uy) VT (V8T +1-3) /2T + 8T +1 -1
m Z(uy) =
V2 (V8T +1-1)
u, Ya
0 /‘\ 0
» Uimz =0 «
N N
E E
| |

L /

0 0.5 1 0 0.5 1

Re zZ* Re zZ*

Figure 1.2: Nyquist diagram of the reduced impedance for the (L+(R/C)) circuit
(Fig. 1.1, Eq. (1.2)) plotted for T" = 0.2 (left) and 7" = 0.01,0.2,0.5,1,1.5 (right).

The line thickness increases with increasing T. Dots: reduced characteristic angular
frequency uc = 1 (right).

1.2 (Ro+(L+(R/C))) circuit

Fig. 1.3.

0

-

— r -

Figure 1.3: Circuit (Ro+(L+(R/C))).



1.3. (C+(R/L)) CIRCUIT 7

1.2.1 Impedance

R
— 1 —
W)= Ro+Liwt e,

R CR?
Re Z(w) = Fo+ mapa gy I Z(w) =w (L CRwH)

1.2.2 Reduced impedance

Z
Z*(u):%:p—i—iTu—i—

1+iu,u=RCw,p:— = (1.2)

Im Z*(u) = u (T - 1)

Reduced characteristic angular frequency u. = 1 with:

Re Z*(u) = p+

u? +1’

Re Z(uc) =p+1/2, Im Z(ue) =T —1/2
T<1=:

o U z—0 = \/ 55, Re Z(uim z—0) = p+T.

e reduced angular frequency at the apex :

Ua

_1\/—2T+\/8T+1—1
=5 -

with:

ReZ(ua):eri(erl)

VT (VBT +1-3) V-2 + BT +1-1
V2 (VBT +1-1)

Im Z(u,) =

1.3 (C+(R/L)) circuit

1.3.1 Circuit
Fig. 1.5.

1.3.2 Impedance

1 LRiw
Z =
W =G " Rilie
L? Rw? LR?>w 1
ReZWw) =y MW =5moTm o
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u, Ya
. Umz=0 N
N N
E E
| |
0 p 0+1/2 p+l 0 p p+1/2 o+l
ReZz* ReZ*

Figure 1.4: Nyquist diagram of the reduced impedance for the (Ro+(L+(R/C))) cir-
cuit (Fig. 1.1, Eq. (1.2)) plotted p = 0.2 and T' = 0.2 (left) and 7' = 0.01,0.2,0.5,1,1.5

(right). The line thickness increases with increasing 7. Dots: reduced characteristic
angular frequency u. = 1 (right).

L
111N c

— = I

Figure 1.5: Circuit (C+(R/L)).

1.3.3 Reduced impedance

Z(u) 1 iu L R*C
z* = = = — T = 1.
W= = Ta T Triw TR L (13)
u? U 1
Zw) = — Tm Z*(u) = e —
Re 7% (u) w2 +1’ m 27 (u) w41 Tu

Reduced characteristic angular frequency u, = 1 with:

Re Z(uc) =1/2, Im Z(u.) =1/2—-1/T
T>1=:

1 1
, Re Z(uim z=0) = =.
T-1 (tm 2-0) = 7

e reduced angular frequency at the apex :

® Uy 7=0 =

Ua =

\/T+\/TTf+2
%



1.4. (R/L)+(R/C) CIRCUIT

1 l 1
N N
E E
! Umz=0 !
0 \N./ O
Ue y,
0 0.5 1 0 0.5 1
ReZ" Re Z*

Figure 1.6: Nyquist diagram of the reduced impedance for the (C+(R/L)) circuit
(Fig. 1.5, Eq. (1.3)) plotted for T' =5 (left) and T'= 0.66, 1,2, 5,100 (right). The line

thickness increases with increasing 7T'. Dots: reduced characteristic angular frequency
uc = 1 (right).

with:

1 1
Re Z(uy) =~ | ——=+1

Vs
VAT 1) (VT + VT +3)
T (38T + VT +8) / TEE/ T
1.4 (R/L)4+(R/C) circuit
Fig. 1.7,

Im Z(u,) =

L. C,
S o'y 'y o I

—|R1I || R, ||

Figure 1.7: Circuit (R/L)+(R/C).

1.4.1 Impedance

LlRliw R2 RlTliw R2 L1
Z = = ) = 5 =Ry C
W) = T R T OoRsiwtl Timiw 1imio T2 2t

(1.4)
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1 Rs Rimw Romw
Re Z =Ri(1- Im Z = _
e Z(w) ! ( T2w? + 1) + T2w? + 1’ m Z(w) 2w +1 1?41

lim Z(w) = Ry, lim Z(w) =Ry

w—0 w—00

1.4.2 Reduced impedance

Z(w) iu 1 R T2
Z* = = = = — T: —
=R, TPTiia 1 Tie LYV AT Ry -
u?p 1 up Tu
Re Z* = Im Z* = —
e Z"(u) w2 +1 + T242 4+ 1’ m Z7(u) w2+1 T?u2+1

1.4.3 Nyquist impedance diagrams
e T'>1, Fig. 1.8,

yT
N N
E E
| Ov 0
1
0 P 1 0 P 1
Re Z* Re Z2*
1/T
[NER [NERY
E E
I I
1
0 1 P 0 1 P
Re Z* Re Z”

Figure 1.8: T > 1. Nyquist diagrams of the impedance for the (R/L)+(R/C) circuit

(Fig. 1.7, Eq. (1.4)) plotted for : top : p < 1 (p = 0.5), bottom : p > 1 (p = 1.5).

T > 1 (T = 10%) (left) and increasing values of T (right). The line thickness increases
with increasing T'.

e T <1, Fig. 1.9.

e T =1, Fig. 1.10.

N 14 piu
T=1=7Z"(u) = T ia



1.4. (R/L)+(R/C) CIRCUIT

1/T
N \ N
E E
1 L
0 P 1 0 1
Re Z* ReZ”
T
N O m N O @
E E
| \ |
1

1

P

11

Re Zz”

Figure 1.9: T < 1. Nyquist diagrams of the impedance for the (R/L)+(R/C) circuit
(Fig. 1.7, Eq. (1.4)) plotted for : top : p < 1 (p = 0.5), bottom : p > 1 (p = 1.5).

T < 1 (T = 107?) (left) and increasing values of T' (right). The line thickness increases
with increasing T'.

0
* 1 * *
N \ N N
E EO—&E \
I I I 1
0 \ , .
0 P 1 0 p=1 0 1 P
Re Z* Re Z* Re Z*

Figure 1.10: T = 1. Nyquist diagrams of the impedance for the (R/L)+(R/C) circuit.
Left: p < 1, middle: p =1, right: p > 1.

1.4.4 Inductive and capacitive Nyquist diagrams

1 1
T>1andf<p<TorT<1andT<p<T
T—p 1+4+p
= UIm=0 = , Retm =0 = ——
Im=0 Ty -1 Im =0 = 77777

Fig. 1.11.
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T T
m \ \
E _ E _
1 1
0 1o o 1 0 » 1 "
14T 14T
ReZz*

Figure 1.11: Inductive and capacitive Nyquist diagrams. Left : 7' > 1 and % <p<
T,right : T<landT <p< %

145 p=R/R =1

iu 1
z* =
W =1 T 1 Tia
Fig. 1.12.
YT UT
N N
E o Eo
| |
1
0 2 1 0 1 >
1+T 14T
Re Z*

Re Z*

Figure 1.12: p = R1/R2 = 1. Nyquist diagram: full circle. Left: 7" > 1, right 7" < 1.

1.4.6 Array of Nyquist impedance diagrams
Fig. 1.13.

1.5 RLC parallel circuit
1.5.1 Circuit

Fig. 1.14.
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L NN CNCNC Y
NN NCNCNC N
Ve Ve VaVallalala e
Q- f - L OLCNGN

5 0 OO —o——o- OO
O OO O o o CCCy
A A A A A LW N\
NN N

N\ ) VNP N N N

4 0 1
log T

Figure 1.13: Array of Nyquist impedance diagrams for the (R/L)+(R/C) circuit.
T=p=1=Z"(u) =1, Yu.

Figure 1.14: Circuit ((R/L)/C).

1.5.2 Admittance

1 . 1 Liw+R+CLR(iw)?
V) =g t0let = LRiw =
1

Lw

ReY(w)z%, ImY(w) = +Cuw

Re Y (w) is constant, lim,_,oIm Y (w) = —o0, limy_,00 Im Y (w) = 00 = Nyquist
diagram of Y (w) is a vertical straight line.
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1.5.3 Reduced admittance

1
Y*(u)=RY(u)=1+A (iu—l—.u), u=wVvVLC, A:Rq/%
i

Re Y"(u) = 1, Tm Y™ (u) = A (u— i)

1f Ucs
* u
> 0 c2
E
-1+ Uc1
0 1
Re Y™

Figure 1.15: Nyquist diagram of the ((R/L)/C) circuit reduced admittance. uc1 =

(—14+VI+4A2)/2A, ucz = 1, ues = (1 + 1+ 4A2%)/2A.

1.5.4 Impedance

Zy— L 1 B LRiw
C Y(w) 1 . 1 Liw+R+CLR(iw)?
— +Ciw+ —
Liw R
L? Rw?
Re Z(w) = d 5, Im Z(w
L?w? + (R—-CLRw?)

- LRZw(l—C'LwQ)
© L2w? + R?2(—1+ C Lw?)?

The Nyquist diagram of Y (w) is a vertical straight line = the Nyquist diagram

of Z(w) is a full circle.

1.5.5 Reduced impedance

Z(u) iu /C
Z* = = = \/L A: —
(u) R A+iu+AGu)?’ v=e ¢, R L

. u? . Au(l —u?)
Re Z°(w) = rppa—wp 20 = g ey

1.6 RLC serie circuit

1.6.1 Circuit
Fig. 1.17.



1.6. RLC SERIE CIRCUIT

—-ImZz*

Figure 1.16: Nyquist diagram of the ((R/L)/C) circuit reduced impedance. wuc1 =
(—1+VI+4A2)2A, ez =ur = 1, ez = (1 + V1 +4A2)/2A (uez — uc1 = A).

L

— =]

v —|

Figure 1.17: Circuit ((R+L)+C).
1.6.2 Impedance

1
Zw)=R+Liw—+

1+ RCiw+CL(iw)?
Ciw Ciw
1
Re Z =R, ImZ =——+41L
e Z(w) , Im Z(w) Cw+ w
Re Z(w) is constant, lim,,_,o Im Z(w) =

—00, limy, 00 Im Z(w) = 0o = Nyquist
diagram of Z(w) is a vertical straight line.

1.6.3 Reduced impedance

Z*(u) = Z](%u) =1—i—l

iu—|—,i ,u=wVvVLC, AzRq/g
A iu L

Re Z*(u) = 1, Tm Z*(u) = — ( 1)

A\ u

u

1.6.4 Admittance

Y (w) = 1 Ciw

YT Zw) T 1+ RCiw+CL(iw)?
2 2

ReY(w) = ¢ R

Cw (1-CLuw?)
- 5, Im Y (w)
C?R?w? 4 (-1+ C Lw?)

T 1+Cw? (CRE+L (—2+CLw?)
The Nyquist diagram of Z(w) is a vertical straight line = the Nyquist diagram
of Y(w) is a full circle.

15
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1r Uct
T\l Uc2
£ 0
|
-1t Uc3
0 1
Re Z*

Figure 1.18: Nyquist diagram of the ((R+L)4C) circuit reduced impedance. uc1 =
(A +V4A+A2)/2, uca =1, ues = (A+vV4+ A2)/2.

1.6.5 Reduced admittance

Aiu

() — _ —wVIC A=R4/C
2 A2 .2
Re Y*(u) wA Im Y*(u) = uh(1—v’)

T 1t ut (—2+ A2y’ 14wt +u? (—2+A2)

Imy”

-05¢+

Re Y~
Figure 1.19: Nyquist diagram of the ((R+L)+C) circuit reduced admittance. uc1 =
(—A+VAEFAD) /2, vz =ur = 1, ues = (A+ VA FA2)/2, (tes — te1 = A).
1.7 Ry, +RLC parallel circuit
1.7.1 Circuit
Fig. 1.20.
1.7.2 Impedance

LRiw
Z(w) = 1.5
@ =Rt T RY CLRGw) (1.5)
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@]

— Ro |

— R I

Figure 1.20: Ro+ RLC parallel circuit.

Z(u) iu Ry — C
W= =Pt Situvaqee TR UTYVEG L
Ucs
05+
?\l Uc2
IS 0
n u=0
-05] X
Uc1
0 P 1+p
Re Z*

Figure 1.21: Nyquist reduced impedance diagram of the Ro+ RLC parallel circuit.
ter = (1 4+ VI+4A2)/2A, ucs = ur = 1, uez = (1+V1+4A2)/2A (uez — ucr =
A).

1.8 Transformation formulae (R;/L;)+(R;/C5)
— 11+ RLC parallel

r1+ ra/ly/cy parallel circuit is not-distinguishable from (Rq/L1)+(Rq1/Cs) cir-
cuit for RCy/Ly > 1 (Fig. 1.22).

Ry (CaLap? + 252 + 1)

Z(p) = - (1.6)

CoLip? + 7;)(021;11—%&) +1

1 <0212p2 + 71217(:;1;?2) + l)
Z = 1.7
(») ol T+ (L.7)

CyLq 9 214

— lo=L1—CyR =Ri|=—F-1 1.8
C2 Ll—CgR%’ 2 1 21417, T2 1 CgR%—i—Ll ( )
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Figure 1.22: (Rl/Ll)-l-(Rl/Cz) ( (Rl/L1)+(R2/C2) circuit with Ry = Rg) and ri+
r2/12/co parallel circuit.



Chapter 2

Quartz resonator

2.1 BVD equivalent circuit

Fig. 2.1, [3, 5, 6, 1].

Figure 2.1: BVD (Butterworth-van Dyke)-equivalent circuit of a quartz resonator.

2.2 Admittance

1 C
Y(w)= +iwC :iw( - - +C>
R Liwt 0 1+ Ciw (Liw+ R) 0
Ciw
C? Ruw? C(1-CLw?
ReY(w) = ImY (w) = C
eY(w) C2R2w? + (=1 + C Lw?)?’ mY(w)=w <1+Cw2 (CR?*4+ L (—2+ C Lw?)) + O)

2.3 Reduced admittance

KN - Aiu . B B C  RG
Y*(u)=RY (u) = TS Aiut () +viu, u=wVvVLC, A=R = e
u? A? wA (1 —u?)

Re Y*(u)

, Im Y™ (u) =uy +

T Ittt u? (=24 A2) 1+ ut+u? (—2+A2)

19
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CHAPTER 2. QUARTZ RESONATOR

B
up
5 \ ]
g m
Ur
0
UF\.‘/ Us
uz
0 1
ReY"

Figure 2.2: Definitions for w1, um, ur, us, u2 and uyp

A B
> >
S S
=0 =0 \./
0 1 0 1
Re Y” Re Y”
C D
> >
S S
=0 ~o-— =0
0 1 0
Re Y”

Re Y"

Figure 2.3: Change of admittance diagram with v. A =1, v = 1072 (A), 2 x 10~ *
(B), 1/3 (C), 1/2 (D).
2.3.1 Characteristic frequencies

e Maximum of the real part of Y* for:

up =1=ReY*(u;) = 1,Im Y*(u,;) =
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e Zero-phase reduced angular frequencies: ug and u,, defined for v < 1/(2+

A):

1
1. < — =
TS9FA

)

\/A—'y (—24+A%) —A\/T_27A T2 (4 + A?)
Ug =
2y

Re V() = 5 (14+7A+ VO —2) - (A +2) 1))

\/27+A—7A2+A\/1—27A+72 (4 + A?)
Up =
2y

Re V*(uy) = 3 (1494~ VO -2~ DA 12) D)

)

—YA? 4+ 2y + A
USZUPZT

Re Y*(us) = Re Y*(up) = %(1 +vA) (Fig. 2.3C).

1
3> =
TT9FA

no zero-phase reduced angular frequency (Fig. 2.3D).

Real quartz : Co ~ 1072 F,C~ 107 F, R~ 100 Q, L ~ x1072 H = A ~
10~* and v ~ 1072 [4, 2].
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